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In this paper, we prove that if G is a connected planar graph that is C6-free or C7-free and
without adjacent triangles, then there exists a spanning tree T of G such that χb(G, T ) ≤ 4.
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1. Introduction
Graphs considered here are finite, simple and undirected. We use the terminology and notation of Bondy and Murty [1].
For a planar graph G, we denote its vertex set, edge set, maximum degree and minimum degree by V (G), E(G), F(G), ∆(G)
and δ(G), respectively. A vertex of degree k is called a k-vertex. A vertex of degree at least k is called a k+-vertex. A vertex of
degree at most k is called a k−-vertex. Similarly, we can define the k-face, k+-face and k−-face. If two cycles share a common
edge, they are called adjacent cycles. Specially, a 3-cycle is called a triangle.
A k-coloring of a graph G is a mapping f from the vertex set V (G) to the color set {1, 2, . . . , k}. We say that f is proper
if f (u) ≠ f (v) for any two adjacent vertices u and v. The chromatic number of G, denoted by χ(G), is the smallest integer k
such that G has a proper k-coloring.
A backbone-k-coloring of (G,H) is a mapping f : V (G) → {1, 2, . . . , k} such that |f (u) − f (v)| ≥ 2 if uv ∈ E(H), or
|f (u)− f (v)| ≥ 1 if uv ∈ E(G)\E(H). The backbone chromatic number of (G,H), denoted by χb(G,H), is the smallest k such
that (G,H) has a backbone-k-coloring.
We refer the reader to several results concerning backbone colorings of graphs. The connection between the backbone
chromatic number and the chromatic number was studied in Broersma et al. [2]. The authors showed that the backbone
chromatic number of a graph G is at most 2χ(G) − 1, and they provided examples where this bound is attained. The
backbone-k-coloring of graphs has also been studied in Broersma et al. [3–6] in recent years. In particular, in Bu and Zhang
[9], it was proved that if G is a connected non-bipartite C4-free planar graph, then there exists a spanning tree T of G such
that χb(G, T ) = 4.
In this paper, we only consider the case where the backbone graph H is a spanning tree of G. Our main theorems are the
following.
Theorem 1. Let G be a connected C6-free planar graph without adjacent triangles; then there exists a spanning tree T of G such
that χb(G, T ) ≤ 4.
Theorem 2. Let G be a connected C7-free planar graph without adjacent triangles; then there exists a spanning tree T of G such
that χb(G, T ) ≤ 4.
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The following definitions and lemmas will be frequently applied.
Definition 1. Let f be a vertex coloring of G, and suppose that e = uv ∈ E(G). We call e an f -edge if |f (u)− f (v)| ≥ 2.
Lemma 1 (Hajo Broersma et al. [7]). Let f and f ′ be two vertex colorings of G = (V , E), and suppose that f (v)+ f ′(v) = k+ 1,
∀v ∈ V (G). Then, for every spanning tree T of G, f is a backbone-k-coloring of (G, T ) if and only if f ′ is a backbone-k-coloring of
(G, T ). We call f ′ a symmetric coloring of f and vice versa.
Lemma 2 (Weifang Wang et al. [8]). Let G be a connected graph with at least two vertices and H be a connected spanning
subgraph of G. Then χb(G,H) = 3 if and only if G is a bipartite graph.
2. The proof of Theorem 1
Assume that Theorem 1 is false. Then we can choose G(V , E) as a counterexample to Theorem 1 such that σ = |V | + |E|
is as small as possible. Obviously, G is a connected planar graph with following properties:
(1) G is a connected C6-free planar graph without adjacent triangles. For every spanning tree T of G, χb(G, T ) ≥ 5.
(2) For every connected C6-free planar graph G′(V ′, E ′) without adjacent triangles, if |V ′| + |E ′| < σ , then there exists a
spanning tree T ′ such that χb(G′, T ′) ≤ 4.
We will use the color set C = {1, 2, 3, 4}.
Claim 1. G does not contain a leaf.
If G has a leaf u adjacent to a vertex v, suppose that G
′ = G− u. By the minimality of G, there is a spanning tree T ′ of G′
such that (G
′
, T
′
) has a backbone-4-coloring f . Without loss of generality, we assume that f (v) ∈ {1, 2}; otherwise, we can
choose the symmetric coloring. We can extend the coloring of G
′
to G; this is denoted by f
′
. Suppose that f
′
(u) = 4; then uv
is an f
′
-edge and T = T ′{uv} is a spanning tree of G. Thus, f ′ is a backbone-4-coloring of (G, T ) such that χb(G, T ) ≤ 4;
this is a contradiction.
Claim 2. G does not contain a 2-vertex.
If G contains a 2-vertex u, let x and y be the two neighbors of u. Suppose that G
′ = G − u. We need to consider the
following two cases:
Case 1: u is a cut vertex.
Let G1 and G2 be two connected components of G
′
where x ∈ G1 and y ∈ G2. For i ∈ {1, 2}, by theminimality of G, there is
a spanning tree Ti of Gi such that (Gi, Ti) has a backbone-4-coloring fi. Without loss of generality, suppose that f1(x) ∈ {1, 2}
and f2(y) ∈ {1, 2}; otherwise, we can choose the symmetric coloring. Let f ′ be the coloring of G− u such that f ′(v) = fi(v)
where v ∈ Gi. Suppose that f ′(u) = 4; then ux and uy are f ′-edges. T = T1 T2{ux, uy} is a spanning tree of G. So f ′ is a
backbone-4-coloring of G such that χb(G, T ) ≤ 4; this is a contradiction.
Case 2: u is not a cut vertex.
By the minimality of G, there is a spanning tree T
′
of G
′
such that (G
′
, T
′
) has a backbone-4-coloring f . Without loss of
generality, suppose that f (x) ∈ {1, 2}; otherwise, we can choose the symmetric coloring. Extend the coloring f of G′ to G;
this is denoted by f
′
. If f
′
(x) = 1, suppose that f ′(u) ∈ {3, 4} − {f ′(y)}. Then ux is an f ′-edge. T = T ′{ux} is a spanning
tree of G. Therefore, χb(G, T ) ≤ 4; this is a contradiction. If f ′(x) = 2 and f ′(y) = 4, suppose that f ′(u) = 1; then uy is an
f
′
-edge and T = T ′{uy} is a spanning tree of G, so χb(G, T ) ≤ 4. If f ′(x) = 2 and f ′(y) ≠ 4, suppose that f ′(u) = 4; then
ux is an f
′
-edge and T = T ′{ux} is a spanning tree of G. Thus, χb(G, T ) ≤ 4; this is a contradiction.
Claim 3. G has no 3-vertex.
Suppose to the contrary that G contains a 3-vertex. Let x, y and z be the three neighbors of u. We need to consider the
following three possibilities.
Case 1: u is not a cut vertex.
Suppose that G
′ = G − u. By the minimality of G, there is a spanning tree T ′ of G′ such that (G′ , T ′) has a backbone-4-
coloring f
′
. Then there is a color i0 ∈ {1, 2, 3, 4} − {f (x), f (y), f (z)} such that max{|i0 − f (x)|, |i0 − f (y)|, |i0 − f (z)|} ≥ 2.
Without loss of generality, we assume that |i0 − f (x)| ≥ 2. Then f can be extended to G; this is denoted by f ′ . Suppose that
f
′
(u) = i0; then ux is an f ′-edge. Suppose that T = T ′{ux}. It is easy to see that T is a spanning tree of G and χb(G, T ) ≤ 4;
this is a contradiction.
Case 2: u is a cut vertex and G− u has three connected components.
Suppose that G
′ = G − u. Let G1, G2 and G3 be three connected components of G′ . Assume that x ∈ G1, y ∈ G2 and
z ∈ G3. By the minimality of G, for i ∈ {1, 2, 3}, there is a spanning tree Ti of Gi such that (Gi, Ti) has a backbone-4-coloring
fi. Without loss of generality, we assume that f1(x) ∈ {1, 2}, f2(y) ∈ {1, 2} and f3(z) ∈ {1, 2}; otherwise, we can choose the
symmetric coloring. Extend fi, where i ∈ {1, 2, 3}, to the whole of G; this is denoted by f ′ . Let f ′ be the coloring of G−u such
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that f
′
(v) = fi(v)where v ∈ Gi. Suppose that f ′(u) = 4. Then ux, uy and uz are f ′-edges. T = T1 T2 T3{ux, uy, uz} is
a spanning tree of G. Thus, χb(G, T ) ≤ 4; this is a contradiction.
Case 3: u is a cut vertex and G− u has two connected components.
Without loss of generality, we assume that x and y belong to the same component; then uz is a cut edge of G. Let G1 and
G2 be two connected components of G − uz, where y ∈ G1 and z ∈ G2. Identifying x with z, we get a G′ from G1 and G2.
By the minimality of G, there is a spanning tree T
′
of G
′
such that (G
′
, T
′
) has a backbone-4-coloring f . It is easy to see that
f (x) ≠ f (u). Suppose that T ′G1 = T1 and T ′G2 = T2. Without loss of generality, we assume that f (x) = f (z) ∈ {1, 2};
otherwise, we can choose the symmetric coloring. Denote G
′
by G and retain the coloring f . If uz is an f -edge, then we can
choose the spanning tree T = T1 T2{uz} of G. Thus, χb(G, T ) ≤ 4; this is a contradiction. Since f (z) = f (x) ≠ f (u),
we can assume that |f (u) − f (z)| = 1. If f (x) = f (z) = 1 and f (u) = 2, we can take the symmetric coloring of G2; then
f (z) = 4. Obviously, uz is an f -edge. Take the spanning tree T = T1 T2{uz}. We get a backbone-4-coloring of (G, T );
this is a contradiction. If f (x) = f (z) = 2 and f (u) = 1, similarly, we can take the symmetric coloring of G2. Then f (z) = 3.
Obviously, uz is an f -edge. Suppose that T = T1 T2{uz}; then χb(G, T ) ≤ 4,; this is a contradiction. If f (x) = f (z) = 2
and f (u) = 3, then uymust be an f -edge, for ux is not an f -edge. Since f (y) = 1, recolor uwith 4 and the colors of the other
vertex are not changed; then uz is an f -edge and T = T1 T2{uz} is a spanning tree of G. Thus, χb(G, T ) ≤ 4; this is a
contradiction.
For a connected planar graph G, by Euler’s formula |V (G)| + |F(G)| − |E(G)| = 2 and∑v∈V (G) d(v) = ∑f∈F(G) d(f ) =
2|E(G)|, the following equality is established:−
v∈V (G)
(d(v)− 4)+
−
f∈F(G)
(d(f )− 4) = −8. (1)
We define an initial charge functionω:ω(x) = d(x)−4, ∀x ∈ V (G)∪ F(G). From the equality (1), it is easy to see that the
sum of all weights is−8.We define discharging rules and redistribute weights accordingly. Once the discharging is finished,
a new charge function ω
′
will be produced. However, the sum of all weights is fixed when discharging is in progress. ω
′
has
the following property: ω
′
(x) ≥ 0 for any x ∈ V (G) F(G). This leads to the following obvious contradiction.
0 ≤
−
x∈V (G) F(G)ω
′
(x) =
−
x∈V (G) F(G)ω(x) = −8. (2)
The discharging rules are defined as follows:
(R1) Every 5+-face gives its residual weights to each adjacent 4-face evenly.
(R2) Every 7+-face gives its residual weights to each adjacent 3-face and 4-face evenly.
(R3) After the discharging progress of (R1) and (R2), each 4-face gives its residual weight to each adjacent 3-face evenly.
We will prove that ω
′
(x) ≥ 0 for x ∈ V (G) F(G) in the following.
According to properties 1, 2 and 3, it is easy to see that δ(G) ≥ 4.
For every face f ∈ F(G), we use Fi to denote the i-face and τ(x → y) to denote the sum of all weights discharged from x
to y.
(a) ∀v ∈ V (G), ω′(v) ≥ d(v)− 4 ≥ 0 because d(v) ≥ 4.
(b) If d(f ) = 3, then the face that is adjacent to f can only be a 4-face or a 7+-face because G is C6-free and does not contain
adjacent triangles.
(b1) If f is adjacent to three 7+-faces, denoted by f1, f2 and f3, then τ(fi → f ) ≥ d(fi)−4d(fi) = 1 − 4d(fi) ≥ 37 , where
i ∈ {1, 2, 3}. Thus, ω′(f ) ≥ 3− 4+ 37 × 3 = −1+ 97 = 27 .
(b2) If f is adjacent to two 7+-faces and one 4-face, named f1, we can claim that every 4-face is adjacent to at most one
3-face, and a 4-face cannot be adjacent to any 4-face. Otherwise, there is a 6-cycle; this is a contradiction. According
to the claim, we know that f1 is adjacent to at least three 5+-faces. The weight that each 5+-face adjacent to f1 gives
to f1 is at least
d(F5+ )−4
d(F5+ )
= 1 − 4d(F5+ ) ≥ 1 −
4
5 = 15 ; that is, τ(f1 → f ) ≥ 4 − 4 + 15 × 3 = 35 . Therefore,
ω
′
(f ) ≥ 3− 4+ 35 + 7−47 × 2 = −1+ 35 + 67 = 1635 .
(b3) If f is adjacent to one 7+-face and two 4-faces, without loss of generality, we assume that f1 and f2 are the 4-faces
and f3 is the 7+-face. It is easy to see that fi (i ∈ {1, 2})must be adjacent to three 5+-faces by the claim in (b2), so
we have τ(fi → f ) ≥ 4− 4+ 15 × 3 = 35 , where i ∈ {1, 2}. Thus, ω
′
(f ) ≥ 3− 4+ 35 × 2 = −1+ 65 = 15 .
(b4) If f is adjacent to three 4-faces, denoted by f1, f2 and f3, like for (b2), then τ(fi → f ) ≥ 35 , where i ∈ {1, 2, 3}. Thus,
ω
′
(f ) ≥ 3− 4+ 35 × 3 = −1+ 95 = 45 .
(c) If d(f ) = 4, then ω′(f ) ≥ 4− 4 = 0.
(d) If d(f ) ≥ 5, then ω′(f ) ≥ d(f )− 4− d(f )−4d(f ) × d(f ) = 0.
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Now, we have proved that ω
′
(x) ≥ 0 for x ∈ V (G) ∪ F(G); this is a contradiction. This proves Theorem 1.
Combining Theorem 1 and Lemma 2, we have the following:
Corollary 1. If G is a connected non-bipartite C6-free planar graph without adjacent triangles, then there exists a spanning tree
T of G such that χb(G, T ) = 4.
3. The proof of Theorem 2
Assume that Theorem 2 is false. Then we can choose G(V , E) as a counterexample to Theorem 2 such that σ = |V | + |E|
is as small as possible. Obviously, G is a connected planar graph and we have the following properties:
(1) G is a connected C7-free planar graph without adjacent triangles. However, for every spanning tree T of G, it has
χb(G, T ) ≥ 5.
(2) For every connected C7-free planar graph G′ without adjacent triangles, if |V ′| + |E ′| < σ , then there exists a spanning
tree T
′
such that χb(G′, T ′) ≤ 4.
Like in the proof of Theorem 1, G has the following properties:
(a) G does not contain a leaf.
(b) G does not contain a 2-vertex.
(c) G does not contain a 3-vertex.
For the connected planar graph G, the equality (1) is also established. We define an initial charge function ω: ω(x) =
d(x)− 4, ∀x ∈ V (G) ∪ F(G). From the equality (1), it is easy to see that the sum of all weights is−8. We define discharging
rules and redistribute weights accordingly. Once the discharging is finished, a new charge function ω
′
will be produced.
However, the sum of all weights is fixed when discharging is in progress. ω
′
has the following property: ω
′
(x) ≥ 0 for any
x ∈ V (G) F(G). This leads to the following obvious contradiction:
0 ≤
−
x∈V (G) F(G)ω
′
(x) =
−
x∈V (G) F(G)ω(x) = −8. (3)
The discharging rule is defined as follows: let x be a 5+-face and y be a 3-face adjacent to x, and n be the number of 3-faces
adjacent to x. Transfer weights ω(x)−4n from x to y.
We will prove that ω
′
(x) ≥ 0 for x ∈ V (G) F(G) in the following.
According to properties 1, 2 and 3, it is easy to see that δ(G) ≥ 4. So, ∀v ∈ V (G), ω′(v) ≥ d(v)− 4 ≥ 0.
For every face f ∈ F(G), we use Fi to denote the i-face and τ(x → y) to denote the sum of all weights discharged from x
to y.
Claim 1: A 5-face cannot be adjacent to any 4-face, and a 5-face is adjacent to at most one 3-face. Otherwise, there is a
7-cycle; this is a contradiction. Then, the weight that each F5 can give to its adjacent F3 is 5− 4 = 1.
Claim 2: When a 4-face is adjacent to any 3-face, the 4-face cannot be adjacent to any 4-face. Every 4-face is adjacent to at
most two 3-faces. Otherwise, there is a 7-cycle; this is a contradiction.
Claim 3: A 3-face is adjacent to at most one 4-face. Otherwise, there is a 7-cycle; this is a contradiction.
Since G is C7-free, a 3-face cannot be adjacent to any 6-face. Then it is easy to see that the weight that each 8+-face
adjacent to any 3-face gives to the 3-face is 8−48 = 12 .
(i) If d(f ) = 3, from the above claims, we can see that every 3-face is adjacent to at least two 5+-faces, so we have
ω
′
(f ) ≥ 3− 4+min{τ(F5 → F3), τ (F8+ → F3)} × 2 = −1+min{1, 12 } × 2 = −1+ 12 × 2 = −1+ 1 = 0.
(ii) If d(f ) = 4, ω′(f ) ≥ 4− 4 = 0.
(iii) If d(f ) ≥ 5, ω′(f ) ≥ d(f )− 4− d(f )−4d(f ) × d(f ) = 0.
Now we have proved that ω
′
(x) ≥ 0 for every x ∈ V (G) F(G); this is a contradiction. This proves Theorem 2.
Combining Theorem 2 and Lemma 2, we have the following.
Corollary 2. If G is a connected non-bipartite C7-free planar graph without adjacent triangles, then there exists a spanning tree
T of G such that χb(G, T ) = 4.
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